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This paper deals with the thermo-physical changes that a droplet undergoes when it is radiatively heated
in a levitated environment. The heat and mass transport model has been developed along with chemical
kinetics within a cerium nitrate droplet. The chemical transformation of cerium nitrate to ceria during the
process is predicted using Kramers’ reaction mechanism which justifies the formation of ceria at a very
low temperature as observed in experiments. The rate equation modeled by Kramers is modified suitably
to be applicable within the framework of a droplet, and predicts experimental results well in both bulk
form of cerium nitrate and in aqueous cerium nitrate droplet. The dependence of dissociation reaction
rate on droplet size is determined and the transient mass concentration of unreacted cerium nitrate is
reported. The model is validated with experiments both for liquid phase vaporization and chemical reac-
tion. Vaporization and chemical conversion are simulated for different ambient conditions. The compet-
itive effects of sensible heating rate and the rate of vaporization with diffusion of cerium nitrate is seen to
play a key role in determining the mass fraction of ceria formed within the droplet. Spatially resolved
modeling of the droplet enables the understanding of the conversion of chemical species in more detail.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Spray drying is employed extensively in chemical, pharmaceu-
tical and ceramic industries to generate particles with tailored
morphologies and microstructures by controlled vaporization of
functional droplets containing dissolved salts or nanosuspensions.
Solvent depletion from the droplet surface at specified rate leads to
particle accumulation and consequent agglomeration. In the case
of droplets containing dissolved salts (e.g. cerium nitrate), vapori-
zation induced solute accumulation is followed by precipitation of
nanosized particles which subsequently react chemically to
produce stable nano-phase structures (e.g. nano-ceria). These
nano-ceramic particles are widely used in powder technology,
coating industry, catalysis as well as in solid oxide fuel cells. Nano
ceria coatings are found to be excellent in resisting corrosion even
at very high temperatures [1,2]. Hence the study of a single func-
tional droplet containing cerium nitrate (in dissolved phase) that
undergoes a series of thermo-physical processes (vaporization,
accumulation and precipitation) and vigorous chemical reactions
leading to the formation of spatially non-uniform ceria is of para-
mount importance [3–7].
Various models on the heating of single and multi-component
single phase droplets are found in the literature [3–7]. Vaporiza-
tion of liquid along with migration of solute within the droplet in
a convective environment is governed by liquid phase heat and
mass transport mechanisms coupled with the outer flow field.
Formation of ceria from cerium nitrate droplets can be achieved
through a variety of processes that either involve very rapid heat
transfer (as in plasma) or slow heating (as in spray drying). For
example, different stages involved in solution precursor plasma
spray (SPPS) process for production of nano ceria coatings using
cerium nitrate droplet as precursor was modeled by Saha et al.
[8]. In this endothermic reaction, cerium nitrate dissociates to ceria
and releases other gases [2]:

CeðNO3Þ3 ! CeO2 þ NOX � 208 J=gm

Preparation of ceria by gradual dehydration and thermal decompo-
sition of cerium nitrate can also be found in [9,10]. The anhydrous
cerium nitrate (Ce (NO3)3) is experimentally found to dissociate into
ceria (CeO2) at a high temperature range of 230�C to 360�C [10].

The transport phenomenon during heating of cerium nitrate
droplet by CO2 laser was studied experimentally using a pendant
droplet [11] and a levitated droplet [12]. Saha et al. [12] showed
that for 500 micron droplets, the formation of ceria when irradi-
ated by a laser occurs at a temperature of about 70�C. TEM
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Nomenclature

ak liquid absorption coefficient
A Arrhenius rate constant
Ae Absorption efficiency factor
BM spalding mass transfer number¼ vv;s�vv;1

1�vv;s

� �
BT spalding heat transfer number¼ CP;FðT1�TsÞ

hfgþðQL= _mÞ

CP,F specific heat constant of vapor phase (J/kg K)
CP,L specific heat constant of liquid phase (J/kg K)
d diameter of cerium nitrate particle (m)
d0 diameter of droplet (m)
DAB vapor phase mass diffusivity (m2/sec)
D12 liquid phase mass diffusivity (m2/sec)
Ea activation energy (kJ/mol)
hfg latent heat of vaporization (J/kg)
I intensity of radiations (MW/m2)
kb Boltzmann constant (m2kg/s2 K)
kg thermal conductivity of vapor phase (W/m K)
kL thermal conductivity of liquid phase (W/m K)
LeL Lewis number, kL

qLCpLD12

_m rate of mass flow due to vaporization (kg/s)
_mp mass source/sink term (kg/m3sec)
�mp non-dimensionalized mass source/sink term
Ml frequency parameter,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pf r2

s
mair

q
lair
ldrop

Nuo Nusselt number
Nu⁄ Nusselt number modified with surface blowing effect
PeL liquid phase Peclet number
Pr Prandtl number ¼ cv

/v

� �
_qs volumetric heat sink (J/m3s)
�qs non-dimensional heat sink
Q heat absorbed (W/m3)
QL heat delivered into the droplet (W)
_Q rate of heat generated with radiation (W)
_Q rðgÞ non-dimensional radiative heat source

r radial co-ordinate
rppt radius of cerium nitrate precipitate (m)
rs droplet radius at any time instant (m)
�rs ¼ rs

r0
non-dimensionalized size of droplet

R universal gas constant (J/kg K)
Re Reynolds number

Ri refractive index
Sc Schmidt number
Sho Sherwood number
Sh⁄ Sherwood number modified with surface blowing effect
t simulation time
tv simulation timescale of vaporization (secs)
T temperature (K)
T0 initial temperature of droplet (K)
T1 temperature of surrounding flow field (K)
Ts temperature at surface of droplet (K)
T non-dimensionalized temperature, T�T0

T0

Vr radial component of internal flow field velocity (m/s)
Vh tangential component of internal flow field velocity

(m/s)
Vdrop volume of droplet
V r non-dimensionalized velocity in radial direction
Vh non-dimensionalized velocity in tangential direction

Greek characters
aL liquid phase thermal diffusivity (m2/sec)
av vapor phase thermal diffusivity (m2/sec)
qL liquid density (kg/m3)
qg gas phase density (kg/m3)
s non-dimensionalized time, aL

t
r2

0

g non-dimensionalized spatial co-ordinate, r
rs

mair kinematic viscosity of air (m2/sec)
mv kinematic viscosity of vapor phase (m2/sec)
lair dynamic viscosity of air (Pa.s)
ldrop dynamic viscosity fluid inside droplet (Pa.s)
lL dynamic viscosity of liquid (Pa.s)
v0 initial concentration of un-dissolved particles in the

droplet
vp concentration of each species (cerium nitrate and ceria)

at any time instant in the droplet
vv,1 mass fraction of vapor phase far away from droplet
vv,s mass fraction of vapors at droplet surface
�vp non-dimensionalized species concentration, vp�v0

v0
h tangential co-ordinate
k mean free path (m)
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(Transmission Electron Microscope) images displayed in Fig. 1
shows the formation of nitrogen oxide bubbles (byproducts of
chemical reaction), and also nanoceria from the chemical reaction
[12]. Wendlandt [13] showed that hexahydrate cerium nitrate
sample in bulk (not dissolved in small droplets) only starts drying
out at 80�C which continues until CeO2 is formed at about 450�C
for low heating rate.

The experiments showing dissociation reaction at high temper-
atures are usually performed with bulk amounts of cerium nitrate.
The salt is first dehydrated and the mass decomposed is then stud-
ied using Thermo Gravimetric Analysis (TGA). However, in real life
systems like spray drying, spray pyrolysis and plasma spray pro-
cesses [8,11,12] (for thermal barrier coatings) droplets containing
dissolved quantities of cerium nitrate is decomposed to ceria on
the fly and exhibit fast kinetics. In fact, in plasma/flame spray
processes, the kinetic decomposition occurs within 0.1-2 ms. The
decomposition timescale is however larger in spray drying (usually
of the order of seconds).

A levitated droplet is free from any surface contact. Acoustic
levitation of droplets with radiative heating provides a unique
opportunity to study diameter regression, agglomeration,
precipitation, and chemical reaction in details. These experimental
efforts have been reported earlier by our group [14–16]. Our mod-
eling efforts [7,8] have mostly focused on the heat and mass trans-
port dynamics. Agglomeration and heat and mass transport were
modeled for nanosilica droplets [17]. This work aims to bridge
the gap between vaporization and chemical reaction in a levitated
cerium nitrate droplet.

In this work, the heat and mass transport processes of an evap-
orating acoustically levitated cerium nitrate droplet are reported
along with the chemical kinetics of the formation of ceria. A cerium
nitrate droplet (aqueous solution of cerium nitrate at certain
volume concentration) is heated both radiatively (using laser)
and convectively that lead to vaporization, temperature rise and
consequent diameter regression. The spatial distribution of ceria
within the droplet is shown to be dependent on reaction rate, tem-
perature field and the initial cerium nitrate concentration profile.
The uniqueness in the model is its ability to incorporate the heat
and mass transport within the vaporizing droplet and also allow
for chemical kinetics in the transformation of cerium nitrate to cer-
ia. The reaction rate has been adopted from Kramers’ model [18]
and modified for a droplet.



Fig. 1. TEM images indicating bubbles due to chemical reaction and formation of nano crystalline ceria within the laser heated droplet [12] (reproduced with permission).
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2. Numerical modeling

The model is simulated with a hydrated cerium nitrate droplet
which is acoustically levitated and heated with monochromatic
irradiation using CO2 laser (intensity, I = 0.45 MW/m2). The droplet
of initial size (d0) of 500 micron was levitated in a convective envi-
ronment maintained at a temperature (Tstr) of 525 K and 425 K and
at a gas phase velocity (Ustr) of 1.6 m/s. The evaporation model is
similar to that described in [6,19]. Heat input from the hot air
through convection along with the heat absorbed due to radiation
increases the temperature of the droplet which begins to vaporize.
Due to vaporization, the droplet size (rs) decreases, increasing the
concentration of cerium nitrate which then precipitates. The en-
ergy needed for subsequent reaction is provided by the heat flux
(radiative and convective), which results in the dissociation of cer-
ium nitrate into ceria. The numerical procedure is shown in Fig. 2.

2.1. Flow due to acoustic streaming

The droplet is stabilized at an antinode of the acoustic standing
wave and accordingly the internal recirculation pattern generated
in the droplet due to outer streaming is simulated by the stream
function ð bWÞ theoretically deduced by Rednikov et al. [20]:

bW ¼ �k sinð�kz0Þ cosð�kz0Þ
ffiffiffi
2
p

24
Mlðr2 � r4Þð1� �l2Þ þ cos2ð�kz0Þ

� 9
ffiffiffi
2
p

160
Mlðr3 � r5Þ�lð1� �l2Þ � �k sinð�kz0Þ cosð�kz0Þ

� 3
ffiffiffi
2
p

112
Mlðr4 � r6Þð5�l2 � 1Þð1� �l2Þ ð1Þ
Fig. 2. Schematic of nu
where �k is the non-dimensional acoustic wave number, Ml the fre-
quency parameter and �l ¼ cos h. r and h are the spherical co-ordi-
nates measured from the droplet center located at z = z0. The
internal recirculation pattern developed affects the transport
phenomena within the droplet.

The outer flow creates shear stress at the droplet surface and
the skin friction coefficient which is a function of the Reynolds
number Re = 2q1Ustrrs/lg is correlated as [21]:

CF ¼
12:69

Re�2=3ð1þ BMÞ
ð2Þ

q1 and lg are the density and dynamic viscosity of the surrounding
gas phase respectively and BM is the Spalding mass transfer number.

2.2. Radiative and convective heat transfer

The droplet is assumed to be semi-transparent and volumetri-
cally irradiated with laser intensity I (W/m2), such that the amount
of heat absorbed locally is given as [22]:

_Q ¼ pr2
s IAe ð3Þ

The absorption efficiency factor, Ae is estimated to be:

Ae ¼
4Ri

1þ R2
i

� � f1� expð�2rsakÞg; ð4Þ

where, Ri is refractive index and ak is the liquid absorption coeffi-
cient [22]. ak for water based solutions is approximately 105 m�1

at 10.5 micron wavelength of irradiation (CO2 laser). Ri is taken to
be 1.33.
merical approach.
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The heat flow from ambient is calculated using Spalding heat
transfer number (BT) as stated below:

Q L ¼ _mððCP;FðT1 � TsÞ=BTÞ � hfgÞ ð5Þ

where CP,F is the specific heat constant of the vapor phase, Ts and T1
are temperatures Nu⁄ at droplet surface and that of the surrounding
and hfg is the latent heat of vaporization of the liquid phase.

2.3. Gas phase analysis

All the properties of vapor phase are calculated as a function of
average temperature T = (2Ts + T1)/3 according to the two-third
rule suggested by Hubbard et al. [23]. The gas phase analysis is
assumed to be quasi-steady due to the large timescale of mass
vaporization and lower mass diffusivity in the vapor phase. With
this assumption, Nusselt and Sherwood numbers correlations
[24] can be written as:

Nuo ¼ 1þ ð1þ RePrÞ1=3f ðReÞ ð6Þ
Sho ¼ 1þ ð1þ ReScÞ1=3f ðReÞ ð7Þ

where, Pr and Sc are the Prandtl and Schmidt numbers respectively.
The surface blowing effect due to Stefan flow is taken into account
in Nusselt number (Nu⁄) and Sherwood number (Sh⁄) which are
modified accordingly [6,19]:

Nu� ¼ 2þ Nuo � 2
FðBTÞ

ð8Þ

Sh� ¼ 2þ Sho � 2
FðBMÞ

ð9Þ

Where, F(B) is the universal function to account for the surface
blowing effect.

No changes in the droplet are expected due to the fluctuations in
the acoustic wave since the acoustic frequency is 100 kHz. Hence,
the assumption of quasi-steady gas phase is justified and only the
average velocity (Ustr) of the outer gas flow (in terms of Reynolds
number) is used to calculate the transport rates [17]. Accordingly,
the momentum equation in the gas phase need not be solved. The
mass vaporizing rate in the droplet is then calculated as [6,19]:
_m ¼ 2pqgDABrsSh�lnð1þ BMÞ ð10Þ

_m ¼ 2p kg

CP;F
rsNu�lnð1þ BTÞ ð11Þ

DAB is mass diffusivity of water vapor in air, kg and qg are the
vapor thermal conductivity and density respectively.

2.4. Liquid phase transport analysis

The droplet is attached to an Eulerian spherical co-ordinate sys-
tem and an axisymmetric external flow field due to acoustic stream-
ing is considered. The droplet domain is discretized into a number of
uniform grids (30, 30) in the radial and tangential directions (r,h).
The governing equations get reduced to two-dimensional energy
and species transport Eqs. (12) and (13) which are given in [6,19].

�r2
s
@T
@s
þ 0:5PeLV r�rs � 0:5g

d�rs

ds

� �
@T
@g
þ 0:5PeL

Vh�rs

g
@T
@h

¼ 1
g2

@

@g
g2 @T
@g

 !
þ 1

g2 sin h
@

@h
sin h

@T
@h

 !
þ �r2

s
_Q rðgÞ � �qs ð12Þ

LeL�r2
s
@�v1

@s
þ 0:5PeLLeLV r�rs � 0:5LeLg

d�rs

ds

� �
@�v1

@g

þ 0:5PeLLeL
Vh�rs

g
@�v1

@h
¼ 1

g2

@

@g
g2 @�v1

@g

� �
þ 1

g2 sin h
@

@h
sin h

@�v1

@h

� �
� �m1 ð13aÞ
LeL�r2
s
@�v2

@s
þ 0:5PeLLeLV r�rs � 0:5LeLg

d�rs

ds

� �
@�v2

@g

þ 0:5PeLLeL
Vh�rs

g
@�v2

@h
¼ 1

g2

@

@g
g2 @�v2

@g

� �
þ 1

g2 sin h
@

@h
sin h

@�v2

@h

� �
þ �m2 ð13bÞ

where, �rs ¼ rs
r0
; �vp ¼

vp�v0
v0

; T ¼ T�T0
T0

are dimensionless radius, concen-
tration of each species (cerium nitrate and ceria) present in droplet
and temperature. p = 1,2 represents cerium nitrate and ceria respec-
tively. s ¼ aL

t
r2

0
and g ¼ r

rs
are the non-dimensionalized time and

co-ordinate in radial direction. r0,T0,v0 are initial radius, tempera-
ture and cerium nitrate concentration in droplet of radius rs at
any time instant, aL is liquid phase thermal diffusivity. PeL and LeL

are Peclet and Lewis number of the liquid phase. Eq. (13b) is only
activated after the onset of chemical reaction and not during the
pure vaporization phase. The internal flow field (Vr and Vh in r
and h directions) in the liquid phase is governed by the outer flow
field (given in Eq. (1)). Therefore the momentum equation need
not be solved for the liquid phase. _Q rðgÞ is the non-dimensional
radiative heat source, _QrðgÞ ¼ Q r2

s
TokL

(Q is rate of heat absorbed per
unit volume, Q ¼ _Q 3

4pr3
s
Þ varying radially inside the droplet.

�qs ¼ _qs r2
s

TokL
and �mp ¼ _mp

r2
s

v0aLqL
are the non-dimensional heat sink

and mass source/sink terms respectively, which are activated once
the chemical reaction is triggered and kL and qL are the thermal con-
ductivity and density of the nanofluid under consideration. _qs is vol-
umetric heat sink (J/m3s) and _mp is volumetric mass generation/
depletion rate (kg/m3s).

The convective heat flux (QL) to the droplet and the mass flow
rate ð _mÞ are estimated using BM,BT,Nu⁄ and Sh⁄ in an iterative man-
ner (supplemented with Clausius–Clapeyron equation for estimat-
ing vapor pressure) along with Raoult’s law (for determination of
vv,s) and taken into account in the boundary conditions for Eqs.
(12) and (13):

At the surface of the droplet (g = 1),

@T
@h
¼ 0;

@�vp

@h
¼ 0;

Z p

0

@T
@g

sin hdh ¼ Q L

2prskLT0
andZ p

0

@�vw

@g
sin hdh ¼ � _m

2prsqLD12v0

At the center, ðh ¼ 0Þ; @T
@h ¼ 0 and @�vp

@h ¼ 0.
Here, kL and qL are the liquid phase thermal conductivity and

density, and D12 is the mass diffusivity of cerium nitrate and ceria
in water. �vw ¼ 1� �v1 � �v2 is the mass fraction of water at the sur-
face. The transient temperature and concentration fields inside the
droplet (Eqs. (12) and (13)) are explicitly solved using the modified
Du Fort Frankel numerical scheme with second order accuracy in
both time and space [17]. The time step is chosen to be Dtvap = 5 -
� 10�6 s considering the consistency and accuracy of the model
and independent of acoustic wave frequency (quasi-steady
assumption). The total simulation time is tvap = 5 s when water is
vaporized completely. The temperature and concentration at the
droplet surface are both considered to be spatially uniform and
are solved using boundary conditions as mentioned in [6,19]. Both
the energy and species conservation equations are solved for the
liquid phase and are coupled with the external flow field (assumed
quasi-steady) with continuity conditions at the interfaces along
with the correlations for Sh⁄ and Nu⁄. The depletion in droplet size
due to vaporization of water (assumed to be equivalent to the
evaporation rate of water) is calculated and for each new size,
the domain is again discretized so that the total number of grid
points in both r and h directions remain fixed at 30 at each time
step. The model is explained in details elsewhere [17,6,19]. As seen
in our previous experimental studies [14–16], an acoustically lev-
itated and radiatively heated droplet undergoes rotations forming



Fig. 3. Temporal evolution of cerium nitrate decomposition to ceria for a fixed
ambient temperature, T = 495 K.

Fig. 4. Schematic of Kramers’ theoretical model for reaction kinetics modeling
(adopted from [18]) (reproduced with permission).
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different structures. Such three-dimensional model is beyond the
scope of this work.

2.5. Modeling chemical reaction

The chemical reaction of the species is triggered only when the
temperature on the droplet surface exceeds 70�C. The prescribed
criterion is chosen as per experimental observations in [12]. From
the concentration field within the droplet, the total number of
cerium nitrate particles (nt) present in each computational cell (i,
j) is calculated. The reaction is considered to occur in each cell inde-
pendently without any interaction with the adjoining cells during
the reaction process. The corresponding mean free path is deter-
mined as k ¼ Vnet=

ffiffiffi
2
p

ntr:Vnetð¼ Vcell � V ceriaÞ is the net volume
available for cerium nitrate particles present at any instant in the cell
(i, j) of volume Vcell, excluding the volume occupied by ceria particles
(Vceria) and r is the collisional cross section of the particles. In the
present study, collision is considered only between cerium nitrate
particles such that r ¼ pd2

ppt. The rates of reaction for different cells
are subsequently estimated using Eq. (17) (explained later in section
3.1.2). Since dissociation depends upon the reaction rate at any time
instant, number of particles of cerium nitrate converted to ceria,
nconv, is calculated for every cell at different temperature
ðnconv ¼ nte�rDtvap Þ and the sink term ð �m1Þ for cerium nitrate in Eq.
(13a) is determined accordingly. It is seen from the dissociation
reaction that one mole of ceria is generated per mole of cerium ni-
trate. Hence, the source term ð �m2Þ for ceria in Eq. (13b) is calculated
from the amount of Ce (NO3)3 dissociated. From this point, the mass
transport Eq. (13b) is activated and both the Eqs. (13a) and (13b) are
solved for the species individually and the final concentration map
ð�vpÞ is generated for both cerium nitrate and ceria. As per the endo-
thermic dissociation reaction, 208 J of heat is absorbed per gram of
cerium nitrate converted to ceria. Therefore, the total amount of heat
absorbed ð _qsÞ is calculated based on the actual amount of species dis-
sociated in each cell.

The experimental results [12] show the formation of bubbles,
which increases the droplet size. This is due to NOX and other gases
released during reaction which gets entrapped within the droplet.
In the current model, however, the gases are not allowed to expand
the droplet size. The simulation is terminated when the surface
concentration of ceria reaches ninety percent or when vaporized
mass becomes equal to the mass of water initially present in drop-
let, whichever occurs earlier. The numerical model is schematically
shown in Fig. 2.

3. Discussion of results

3.1. Choice of reaction rate models

3.1.1. Arrhenius and Kramers’ models for chemical reaction in cerium
nitrate

When a cerium nitrate droplet is heated, pure vaporization and
surface regression occur first over a timescale of 10–15 s. It precip-
itates out of solution once the threshold temperature of 343 K is
reached as per experimental observation [12]. The size of this
precipitate was determined by Castillo and Munz [25] to be about
10 nm. The cerium nitrate precipitate undergoes rapid kinetic
decomposition to form ceria in an endothermic reaction. The
agglomeration and precipitation process occurs within a few milli-
seconds (s � 2 ms) at the end of the pure vaporization regime [17].
However the reaction timescale is about 5 s [12] which is much
longer than the time period of precipitate formation and compara-
ble to the pure vaporization regime. Hence, the process of agglom-
eration is not modeled in the current study and the size of cerium
nitrate precipitate (rppt) is assumed to be 10–13 nm [25] at the
onset of the chemical reaction process.
The rate of reaction is needed in order to understand the chem-
ical kinetics of cerium nitrate to ceria conversion. The reaction rate
in cerium nitrate can be determined using the standard Arrhenius
form: rk ¼ Ae

�Ea
RT , where A is Arrhenius constant and Ea is activation

energy of the reaction. The rate predicted in this particular form
compared well with various experiments performed with bulk
samples of cerium nitrate [10] as shown in Fig. 3. The thermal anal-
ysis was done with 15 mg of Ce (NO3)3.6H2O dispersed in a
container and heated at a temperature range of 222�C-350�C
[10]. As mentioned earlier, Saha et al. [12] showed the chemical
reaction to occur at a low temperature (70�C) in about 5 s for a
500 micron levitated droplet heated by a laser heat flux of
0.45 MW/m2. The transformation at this low temperature cannot
be explained on the basis of Arrhenius form of reaction rate which
is calculated to be very low and takes much longer time (� 5 s) for
completion of the reaction. The reaction within a heated droplet
involves spatial restriction (500 micron for the droplet in this
work) which is not included in Arrhenius type of rate equation.
An alternative to Arrhenius rate formulation is thus required to
be used for rate determination occurring at such low temperature
in a small droplet. A different analytical approach for estimating
reaction rate was given by Kramers [18], which incorporates both
temperature and the spatial length scales responsible for the
chemical reaction included in the model.

Kramers [18] modeled chemical reaction as a stationary diffu-
sion process when a particle in random motion in an external force
field escapes a potential energy barrier and migrates from initial
state A to final state B (Fig. 4). The rate of reaction was thus equiv-
alent to corresponding rate of escape of the particle across the



Fig. 5. Temporal variation of total mass of ceria (mceria) formed within the droplet
with respect to the total mass of the droplet (mtotal) at Tstr = 300 K, laser power,
I = 0.2 MW/m2.
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potential barrier. Assuming that the initial velocity distribution is
of the Maxwell–Boltzmann type, Kramers applied Smoluchowski’s
diffusion equation to obtain diffusion current developed between
the points A and B [18]. The reaction velocity theoretically derived
by Kramers retains the classic form of Arrhenius rate equation,
while the rate constant part is replaced by a frequency related
variable term. The modified term is explained on the basis of
Brownian motion of the particle. Potential barrier (Q) is assumed
to be larger than the energy of particles (kbT) such that a slow dif-
fusion process (stationary diffusion current) is generated as parti-
cles move from A (present state) to B (final state) (see Fig. 4).
The generalized form of reaction velocity/rate (r) derived by Kra-
mers [18] when Brownian forces are larger than external forces:

r ¼ x
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p kb

m
T

r Z B

A
eU=

kbT
m

� �
dq

	 
�1

ð14Þ

where q is the spatial coordinate specifying position of the particle
in potential field U (per unit mass). g is a viscosity related term gi-
ven as [26]:

g ¼ kbT=mD ð15Þ

kb is Boltzmann constant and D is the mass diffusion constant
for the particle of mass m. x is frequency factor which is defined
as frequency of the particle at A [26]:

x ¼ V

md2 ð16Þ

V is intermolecular potential energy varying over distance ‘‘d’’
and modeled as a harmonic oscillator.

3.1.2. Adaptation of Kramers’ rate equation for a droplet
In a droplet, the chemical reaction is confined within a small

volume. Accordingly, Kramers’ Eq. (14) needs to be modified so
that it can be applied to the droplet domain. Assuming no external
energy flux to the system except the heat that is supplied from
ambient through convection and the heat absorbed due to radia-
tion, the thermal energy contributes to the excitation energy (V)
required for mass mppt to undergo chemical reaction which is
endothermic in nature. In a micron-sized droplet, the motion of
molecules is limited within the droplet volume and hence the
spatial extent (q) [Vdrop/Np d2] of a particle is considered to be its
mean free path (k) in the system. Vdrop is the volume of the droplet
while N corresponds to the total number of particles and d is the
diameter of each particle. For this length scale, the potential field
is assumed to be independent of k such that the only potential bar-
rier required for the decomposition of Ce (NO3)3 to CeO2 is the acti-
vation energy (E). E can be obtained from Strydom and Vuuren
[10]. This takes into account the effect of variation in droplet size
due to the evaporation of water on the chemical reaction in terms
of k and also eliminates the integral from the velocity expression in
Eq. (14). Kramers’ formulation was thus modified as:

r ¼ x
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p kb

mppt
T

s
feE=RTkg�1 ð17Þ

Here, x ¼ V
mk2 is frequency of the particle in Brownian motion and R is

the universal gas constant, E = 104 kJ/mol. For cerium nitrate to un-
dergo transformation, 208 J of energy is required per gram of the spe-
cies. Hence, energy needed for each particle, V, is calculated for
conversion. Using Kramers’ formulation in modified form as given
by Eq. (17), the reaction rate shows dependency not only on the tem-
perature but also on the configuration of the system in terms of k.

The experimentally obtained loss in mass of cerium nitrate (ini-
tial mass of Ce (NO3)3.6H2O is 15 mg) at 495 K from [10] is added in
Fig. 3. To validate the applicability of Kramers’ equation in modi-
fied form for the rate calculation of the dissociation reaction, the
fraction of mass of species decomposed in bulk amount of Ce
(NO3)3.6H2O (15 mg as considered in [10]) is calculated using both
the Arrhenius form of rate equation and modified Kramers’ model.
Here the bulk amount of Ce (NO3)3.6H2O is modeled as an equiva-
lent 2.55 mm droplet in modified Kramers’ model. The tempera-
ture was fixed at 495 K and no heating or vaporization was
considered. The Arrhenius constant is taken as A = 4.426 � 107

[10]. All the parameters required were estimated and the rate
was plotted against time as shown in Fig. 3. The reaction rate
predicted using both Arrhenius form and Eq. (17) shows similar
variation with time and good agreement with the experimentally
obtained data as can be seen from Fig. 3.

To show the comparison between Arrhenius rate and Kramers’
models, the simulation is run for a cerium nitrate droplet (500 mi-
cron initial diameter) radiatively heated at an intensity of 0.2 MW/
m2 while the ambient is kept at 300 K. The details of the numerical
model used in the simulation especially for the heat and mass
transport regime have been explained earlier in section 2 . The
concentration of ceria formed is calculated using both Arrhenius
form of rate equation and equation (17) individually. Fig. 5 shows
the total mass of ceria formed during reaction within the droplet as
percentage of total mass of the droplet. The reaction is seen to be
complete in a short time period of about 15 s when cerium nitrate
is almost entirely converted to ceria (100% mass fraction) using
modified Kramers’ model. As seen in Fig. 5, the formation of ceria
is not appreciable initially with Arrhenius type of model. It gradu-
ally increases with time since the rate depends only on droplet
temperature. The simulation is carried up to the point till evapora-
tion is complete. It is seen from Fig. 5, that reaction continues till
about 48.8 min and only 1% mass fraction of ceria is formed. How-
ever, the experiments conducted with droplet under radiative
heating [12] shows the formation of ceria at a faster rate when
externally heated even with low laser irradiation (0.45 MW/m2)
and at ambient condition of 300 K. Thus, even though both models
are valid for reaction rate study in bulk amount of cerium nitrate,
Kramers’ model is found to be better in predicting the chemical
reaction within a heated droplet compared to Arrhenius rate equa-
tion which takes an impractically long time for reaction.
3.2. Validation of results

3.2.1. Validation without chemical reaction
The vaporization model is validated with the numerical work of

Handscomb [27] and experimental data of Nesik and Vodnaik [28].



Fig. 6. Validation of the vaporization model (without any chemical reaction) with
numerical data of Handscomb [27] and experimental data of Nesik and Vodnik [28]
for similar heating conditions (Tstr = 374 K, Ustr = 1.73 m/s) and initial particle mass
fraction (30 percent) [17] (reproduced with permission).

Fig. 7. Validation of numerical results with experimental datas [12] for (a)
temperature at droplet surface and (b) droplet size regression rate for Tstr = 300 K,
Ustr = 1.6 m/s, vi = 0.18.
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The ambient temperature was maintained at Tstr = 374 K (without
any radiative heating) and the acoustic streaming velocity at
Ustr = 1.73 m/s.Thesimulationwasdonewithsilicananofluiddroplet
with an initial particle size of 20 nm and concentration of 30 percent.
Fig. 6 shows that the vaporization model without any chemical reac-
tion compares well with the available data in the literature [27,28].

3.2.2. Validation with chemical reaction
The vaporization model along with chemical reaction is subse-

quently validated with the experimental results of Saha et.al [12]
for levitated droplets with radiative heating. The simulation was
accomplished for an initial droplet size of 500 micron and an initial
concentration of of 0.576 M cerium nitrate with an ambient temper-
ature, Tstr = 300 K. The laser power (I) was maintained at 0.45 MW/
m2. The temperature and dropsize regression with time at high
(I = 1.8 MW/m2) and low (I = 0.45 MW/m2) laser powers are plotted
in Fig. 7 alongside the experimental data of Saha et al. [12]. The drop-
let surface temperature from the numerical model compares well
with the experimental data for low laser power. The numerical pre-
diction of surface regression rate (D/D0 plot) agrees particularly well
with the experimental data [12] till about 3 s. Beyond 3 s, the exper-
imental data show an increase of diameter due to the entrapment of
gases (formed due to chemical reactions) in the droplet, which was
not modeled in the current simulation.

A detailed study of the dynamics of formation of ceria is carried
out for two levels of ambient temperature (425 K, 525 K) and two
levels of initial mass fraction of Ce (NO3)3 (0.3 and 0.6) in water.
For the droplet initial diameter of 500 microns and incident laser
intensity of 0.45 MW/m2, several cases were simulated. All the
thermo physical properties (CpL, qL,kL, lL,D12) used for the simula-
tion were adopted from [8].

3.3. Results with heat and mass transfer and chemical reaction

During its lifetime, the droplet surface temperature shows a
sharp transient rise in temperature initially, a subsequent gradual
decrease and finally a sharp increase with some fluctuations (more
distinct at low ambient temperature) as seen in Fig. 8a. The time-
scale of the initial transient heating phase (about 0.4–0.5 s) varies
depending upon the ambient temperature, irrespective of initial
mass of Ce (NO3)3 present in the droplet. In this period, the energy
supplied to the droplet by the incident laser flux and the hot con-
vective outer flow field is used for sensible heating of the droplet
since the vaporization rate is low due to low vapor pressure. Sub-
sequently as the surface temperature of the droplet reaches the
wet bulb limit, vaporization rate is augmented due to an increase
in vapor pressure. The convective and radiative transfer of heat
to the droplet is now completely utilized for vaporization leading
to nearly a constant surface temperature with a slight decay as
illustrated in Fig. 8a. At later times, rate of vaporization decreases
due to an increase in solute concentration near the surface.

Thus, continuous heating with radiation causes gradual rise in
temperature and the chemical reaction is triggered once the
prescribed surface temperature of 343 K is reached. With the initi-
ation of endothermic chemical reaction, heat is absorbed for ceria
formation, which causes a further drop in temperature depending
upon the amount of cerium nitrate converted to ceria. The fluctu-
ations in surface temperature (Fig. 8a) at lower ambient condition
(425 K) mark the temporal variation of reaction rate depending
upon the size of droplet and the temperature field. At low ambient
temperature (425 K), rate of reaction is comparable to the rate of
heating as seen in Fig. 9a. As a result, the temperature decreases
due to reaction but immediately recuperates due to heat transfer
from external modes of convection and radiation. This process con-
tinues until the reaction rate is sufficiently reduced, exhibiting
undulations in temperature curve (Fig. 8a). No such oscillations
in temperature are detected at Tstr = 525 K, irrespective of cerium
nitrate concentration.

With conversion of Ce (NO3)3 to CeO2, both reaction rate and the
rate of vaporization of water are reduced. The heat from the high
temperature ambient and the laser flux is utilized primarily as sen-
sible heat, raising the final temperature of the droplet (after 1.8–
2.9 s of the process). Temporal variation of Ce (NO3)3 mass fraction
at the droplet surface [Fig. 9b] shows a gradual rise due to



Fig. 8. Temporal variation of (a) droplet surface temperature and (b) droplet size
regression rate under different heating conditions.

Fig. 9. Temporal variation of (a) rate of reaction and (b) mass fraction of cerium
nitrate and ceria at droplet surface under different heating conditions.
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vaporization of water up to a peak value till the reaction is initi-
ated. Subsequent to the onset of reaction, the surface concentration
of cerium nitrate decreases sharply as it dissociates into ceria. At
this point the concentration of CeO2 starts increasing almost line-
arly and continues throughout the droplet lifetime. The peak con-
centration of cerium nitrate at which the reaction is activated is
achieved at an earlier time instant for droplets at higher ambient
temperature (525 K) and higher initial mass fraction (0.6). Heating
rate is high when ambient is at a higher temperature but vaporiza-
tion is restricted due to the presence of undissolved Ce (NO3)3 par-
ticles. The reduction in vaporization rate due to the presence of Ce
(NO3)3 is also seen in droplet size depletion curves in Fig. 8(b).
Hence the heat is employed to raise the temperature of droplet
and the surface specified criterion is obtained at an earlier point
of time when the droplet is reduced to only about 95 percent
(t1 = 0.38 s). The reaction rate is a direct function of temperature
and is inversely proportional to the mean free path of Ce (NO3)3

particles at any time instant. The reaction is initiated when the
droplet surface is at a similar temperature in all cases. As explained
previously, the presence of large number Ce (NO3)3 particles en-
hances the sensible heating phase of droplet and reaction is trig-
gered when the droplet size is larger compared to a droplet with
lower particle concentration. Higher concentration (initially 0.6)
in larger volume creates longer mean free paths which results in
a low reaction rate although temperature is high (525 K). For low
ambient heating rate (425 K), temperature rises very slowly and
the reaction is initiated near the later stages of droplet lifetime
(t3 = 1.88 s) when drop size becomes small. Within this smaller
droplet volume, the mean free path is also low, resulting in a high
rate of chemical reaction. As the reaction proceeds, the number of
Ce (NO3)3 particles is reduced. Simultaneously, the depletion of
droplet size due to vaporization of water and NOx decreases the
volume available for the particles. Thus, the mean free path of
the remaining Ce (NO3)3 particles changes depending on the num-
ber of particles present and the available volume, changing the
reaction rate. The reaction rate at the droplet surface shows an
increase initially as droplet depletes in size, indicating a dominant
effect of mean free path upon the reaction rate. As cerium nitrate is
converted to ceria, mean free path increases, reducing the reaction
rate. The final increase in rate is due to the sharp rise in final tem-
perature caused by sensible heating as seen in Fig. 8(a).

The contour plots in Fig. 10 show the distribution of cerium ni-
trate mass fraction within the droplet just prior to the initiation of
the chemical reaction. High vaporization rate and slow rate of mass
diffusion result in a concentration gradient with the highest value
on the droplet surface. This effect is particularly prominent for high
ambient temperature (525 K). Slow vaporization at lower ambient
temperature (425 K) allows sufficient time for diffusion of precip-
itated cerium nitrate particles within the droplet causing a more
uniform distribution of mass concentration unlike the higher tem-
perature counterpart. It is to be noted that the contour plots shown
in Fig. 10 correspond to different time instants corresponding to
the three cases reported here. The concentration profiles closely
mimic the internal recirculation pattern due to the acoustic field
particularly for the high ambient temperature case.

The contour plots in Fig. 11 show the distribution of ceria mass
fraction formed after 0.5 s of the initiation of reaction inside the



Fig. 10. Contour plots showing cerium nitrate concentration at (a) Tstr = 425 K, Ustr = 1.6 m/s, vi = 0.3 (b) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.3 and (c) Tstr = 525 K, Ustr = 1.6 m/s,
vi = 0.6, just before the reaction is initiated.

Fig. 11. Contour plots showing ceria at (a) Tstr = 425 K, Ustr = 1.6 m/s, vi = 0.3 (b) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.3 and (c) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.6, 0.5 s after the
reaction is initiated.
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droplet. As expected, the highest concentration of ceria is obtained
at Tstr = 425 K with an initial mass fraction of Ce (NO3)3 of 0.3 due
to the high reaction rate as seen in Fig. 9(a). As per reaction, one
mole of cerium nitrate (molecular weight 326 g/mol) dissociates
to form one mole of ceria (molecular weight 117 g/mol). Thus,
mass of Ce (NO3)3 dissociated at any instant is not equivalent to
that of CeO2 formed. As explained before, dissociation occurs at dif-
ferent rates for individual grids depending upon the temperature
and the available mean free path. Accordingly, ceria concentration
is maximum on the surface and it gradually decreases towards
interior of the droplet as shown in Fig. 11. This is obvious from rate
of the reaction which shows a similar variation throughout the
droplet in Fig. 12 (a, b).

Temperature fields within the droplet before the reaction are
shown in Fig. 13. Volumetric heat absorption due to the laser flux
generates higher temperature within the droplet core with lower
value at the surface due to vaporization. It is seen in Eq. (4) that
temperature and mean free path are the only variables determin-
ing rate of the chemical reaction. This implies that although the
Fig. 12. Contour plots showing rate of chemical reaction within droplet at (a) Tstr=425
Ustr = 1.6 m/s, vi = 0.6, 0.5 s after the reaction is initiated.
temperature is higher inside the droplet, mean free path, which
is a function of the concentration field and droplet size, is domi-
nant in determining the rate of reaction. However, a reverse trend
in reaction rate is seen within the droplet as shown in Fig. 12 (c) at
Tstr = 525 K and vi = 0.6. Comparatively higher temperature devel-
oped in the droplet core for this particular case is a more dominant
factor in influencing the reaction rate which is highest at the center
and gradually decreases radially outwards. Even though the forma-
tion of ceria is largest within the droplet (higher dissociation rate),
a higher concentration is observed near the surface (Fig. 11(c)).
This is explained on the basis of vaporization of solvent which is
a surface phenomenon and increases concentration of both the
species. Hence, a higher mass fraction is obtained on the surface
than in the droplet core (Fig. 11(c)).

The decrease in temperature due to endothermic reaction can
be observed from the temperature contours in Fig. 14. When reac-
tion is initiated, although the surface temperature is the same for
all cases, internal temperature distribution is very different. The
heat absorbed depends on the number of particles of Ce (NO3)3
K, Ustr = 1.6 m/s, vi = 0.3 (b) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.3 and (c) Tstr = 525 K,



Fig. 13. Contour plots showing temperature within droplet at (a) Tstr = 425 K, Ustr = 1.6 m/s, vi = 0.3 (b) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.3 and (c) Tstr = 525 K, Ustr = 1.6 m/s,
vi = 0.6, just before the reaction is initiated.

Fig. 14. Contour plots showing temperature within droplet at (a) Tstr = 425 K, Ustr = 1.6 m/s, vi = 0.3 (b) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.3 and (c) Tstr = 525 K, Ustr = 1.6 m/s,
vi = 0.6, 0.5 s after the reaction is initiated.

Fig. 15. Contour plots showing ceria within droplet at (a) Tstr = 425 K, Ustr = 1.6 m/s, vi = 0.3 (b) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.3 and (c) Tstr = 525 K, Ustr = 1.6 m/s, vi = 0.6, at
the final time step of reaction.
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dissociating into CeO2 and the cell temperature. Accordingly, tem-
perature decrease is expected to be higher towards the interior of
the droplet due to higher dissociation rate. However, continuous
heating from hot ambient and the incident laser flux counteracts
the drop in temperature. The lifetime of droplet varies under differ-
ent heating conditions depending upon the reaction rate and the
rate of vaporization. Fig. 15 demonstrates the concentration field
developed within the droplet at the final time step of the entire
process. For the same initial Ce (NO3)3 concentration (vi = 0.3),
since the surface is at same temperature (343 K), the volume of
droplet and the number of particles are favorable for reaction at
lower ambient temperature. As predicted, a higher dissociation of
cerium nitrate is obtained at Tstr = 425 K (initial mass frac-
tion = 0.3). Consequently, mass fraction of ceria is highest at
Tstr = 425 K as seen in Fig. 15. It is also noted that at Tstr = 525 K,
ceria concentration exhibits a higher value for higher initial Ce
(NO3)3 concentration (0.6). This is due to the longer time it takes
to react (t = 1.52 s) as compared to that at vi = 0.3 (t = 0.9 s). Hence
it is seen that if the timescale is not restrained, maximum amount
of ceria can be obtained even with a low initial concentration of
cerium nitrate if ambient heating is maintained at a lower temper-
ature. Same inference is true for a higher initial particle concentra-
tion if ambient is at a comparatively higher temperature.

The entire process flow is schematically shown in Fig. 16. The
various events occurring in the droplet lifecycle while being heated
is summarized chronologically. The heat absorbed by the droplet
causes immediate rise in temperature and liquid phase vaporiza-
tion, resulting in regression of the droplet size that continues
throughout the process. The vaporization is followed by surface
accumulation (Fig. 16 (b)) and precipitation of cerium nitrate
(Fig. 16 (c)). The concentration of cerium nitrate thus increases
with time (tv) (Fig. 16 (d)). Heating continues throughout the pro-
cess and the reaction is triggered when the specified condition of
343 K is attained. For instance, at Tstr = 425 K, Fig. 16(d) represents
the distribution of Ce (NO3)3 throughout the droplet at t3 = 1.88 s
(as shown in Fig. 10(a)). As time elapses, conversion of Ce (NO3)3



Fig. 16. The chronology of different processes in droplet lifetime.
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to CeO2 and vaporization of water increases the concentration of
ceria within the droplet (tr = 1.12 s) which is explained in
Fig. 15(a). Fig. 16 shows complete conversion of cerium nitrate to
ceria if the external heating is continued to the end of simulation.
However, the entire amount of cerium nitrate may not undergo
reaction as observed in the experiments, where the laser is turned
off before completion of the process.
4. Conclusions

A numerical model has been established to understand the
thermo-physical and chemical transformation in an acoustically
levitated hydrated cerium nitrate droplet subjected to radiative
and convective heating. The model uniquely combines a 2D
transient multispecies heat and mass transport equation for the
vaporizing droplet with detailed chemical kinetics of cerium
nitrate decomposition to ceria. The formation of ceria from the
dissociation of cerium nitrate occurs at low temperature and is
illustrated with Kramers’ rate equation which is modified appro-
priately for droplets. The vaporization model inclusive of chemical
kinetics validates the experimental results obtained with radi-
atively heated aqueous cerium nitrate droplets found in literature.
The amount of cerium nitrate converted to ceria can be spatially
predicted with the proposed model. Reaction rate can be easily ad-
justed by controlling the temperature, concentration of cerium ni-
trate and size of the droplet. The drop size and the cerium nitrate
concentration have greater influence on the rate of the dissociation
reaction. It is seen that the timescale of reaction and rate of vapor-
ization are also important in order to determine the mass fraction
of ceria formed at different time instants in the droplet lifecycle.
The contours of ceria formation suggest higher concentration near
the droplet surface.
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